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Let $f_{c}(z)=z^{2}+c$ be the family of quadratic polynomials in the standard form. The filled
Julia set is defined as
$K_{c}=$ { $z\in \mathbb{C}|\{f_{c}^{n}(z)\}_{n=0}^{\infty}$ is bounded}
and the Mandelbrot set is
$M=$ { $c\in \mathbb{C}|K_{c}$ is connected} $=$ { $c\in \mathbb{C}|\{f_{c}^{n}(0)\}_{n=0}^{\infty}$ is bounded}.
For $c\not\in M$ , there exists B\"ottcher function $\varphi_{c}$ : $\mathbb{C}\backslash K_{c}arrow \mathbb{C}\backslash \overline{\mathrm{D}}$ which is conformal and
conjugates $f_{c}$ to $f_{0}$ . The external ray of angle $\theta$ is
$\mathcal{R}(\theta)=\mathcal{R}_{f_{\mathrm{c}}}(\theta)=\varphi_{c}^{-1}(\{re^{2\pi i\theta}|r>1\})$
and the equipotential curve of level $\eta>1$ is
$\varphi_{c}^{-1}(\{\eta e^{2\pi i\theta}|\theta\in \mathbb{R}\})$ .
It is known that for every rational angle $\theta\in \mathbb{Q}/\mathbb{Z}$ , the external ray $\mathcal{R}(\theta)$ lands at apoint
in $\partial K_{c}$ which is either periodic or preperiodic. The landing relation $\sim_{c}$ on rational angles
$\mathbb{Q}/\mathbb{Z}$ induced by $f_{c}$ is defined to be
$\theta\sim_{c}\theta’$ if and only if $\mathcal{R}_{f_{\mathrm{c}}}(\theta)$ and $\mathcal{R}_{f_{\mathrm{c}}}(\theta’)$ lands at the same point.
We say that two quadratic polynomial $f_{c}$ and $f_{d}(c, d\in M)$ are combinatorially equivalent
if they define the same landing relation and the multiplier of the non-repelling periodic
orbits coincide. We are concerned with the following.
Question (Rigidity). If two quadratic polynomials $f_{c}$ and $f_{d}(c, d\in M)$ combinatori-
ally equivalent, then are they equal, i.e., $\mathrm{c}=\mathrm{c}’$ ?
The positive answer was given in many cases: postcritically finite case by Thurston,
the case with non-repelling periodic orbit by Douady and Hubbard, non-renormalizable
case (or not infinitely renormalizable case) by Yoccoz. For the question restricted to real
$c’ \mathrm{s}$ , it was proved by Sullivan for infinitely renormalizable maps of bouded type, and by
Lyubich, Graczyk-Swiatek for unbounded type.
There are several consequences or equivalent statements.
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Theorem (Yoccoz). $M$ is locally connected at $c\in M$ that are not infinitely renormaliz-
able.
Theorem (Lyubich, Graczyk-Swiatek). Hyperbolic maps are dense among real quadro
polynomials.
The question remains open for infinitely renormalzable maps which are not real. By a
well-known argument due to Sullvan, it is enough to show that $f_{c}$ and $f_{d}$ are quasicon-
formally conjugate in the conclusion of the question.
In this talk, we propose anew proof of the rigidity in the case of non iffinitely renor-
malizable maps and real infinitely renormalzable maps. The method will be explained
first for non renormalizable maps (Yoccoz case) and then we will explain how to modify
the proof in infinitely renormalzable case.
Step 1. Define the Yoccoz puzzle partition and make aquasiconfomal map between
corresponding pieces at the first level. The map on the boundary of the pieces is canoni-
cally given by the construction. The dilatation is uniformly bounded by aconstant which
depends only on basic combinatorics.
Step 2. $\mathrm{P}\mathrm{u}\mathrm{U}$-back the quasiconformal mapping to higher level pieces in order to get
arefinement of the previous correspondence (which are approximation for the desired
conjugacy). The $\mathrm{p}\mathrm{u}\mathrm{U}$-back through the critical piece deteriorates the dilatation.
Step 3. It crucial to extend the boundary correspondence of the critical piece to a
quasiconformal map with abounded dilatation. Let $f$ and $g$ be two polynomials in
question. Choose appropriate level $n$ of Yoccoz puzzle partition, which can be arbitarily
large. Let $U^{f}$ and $U^{g}$ be the critical puzzle piece of level $n$ for $f$ and $g$ . There is agiven
correspondence $\varphi_{0}$ : $\partial U^{f}arrow\partial U^{g}$ , and it extends to aquasiconformal mapping. At this
point, the dilatation of $\varphi_{0}$ is uncontrolled and it can be very large. We want to know how
the dilatation can be if we change $\varphi_{0}$ keeping the boundary value.
Step 4. We formulate the problem in terms of the universal Teichm\"uuer space. Sinc$\mathrm{e}$ $U^{f}$
is aJordan domain, it is conformally equivalent to D. The universal Teichmiiller space is
defined to be
$\mathcal{T}(U^{f})=$ { $(U’,$ $\varphi)|U’$ is aJordan domain and $\varphi:U^{f}arrow U’$ is quasiconformal}/\approx ,
where $(U’, \varphi)\approx(U’’, \psi)$ if and only if $\psi\circ\varphi^{-1}$ : $U’arrow U”$ is isotopic to aconformal
map and the isotopy is through homeomorphisms having the same boundary value. The
Teichm\"uUer distmce is
$d([(U’, \varphi)], [(U’’,\psi)])=\inf${ $\log K|$ there exists a $K$-qc map isotopic to $\psi\circ\varphi^{-1}$ }.
Then the question in the previous step is to give auniform bound on
$d(\cdot[(U^{g}, \varphi_{0})], O)$
where $O=[(U^{f}, id)]$ is the base point.
Step 5. Define amap $\sigma$ : $\mathcal{T}(U^{f})arrow \mathcal{T}(U^{f})$ via pull-back of conformal structure by the
dynamics. We prove:
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Theorem. There are constants $C>\mathrm{O}$ and $0<\lambda<1$ tnith uniform bound such that
(i) $[(U^{g}, \varphi_{0})]$ is $a$ fixed point of $\sigma$ .
(ii) $d(\sigma(O), O)\leq C$ .
(iii) $d(\sigma(x), \sigma(y))\leq\lambda d(x, y)$ $(\forall x, y\in \mathcal{T}(U^{f}))$ .
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$\hat{\mathbb{C}}$ , $f$ : $\hat{\mathbb{C}}arrow\hat{\mathbb{C}}$ 2 $f$ $n$ $f^{n}$
$f$ $F_{f}$
$F_{f}=\{z\in\hat{\mathbb{C}}|z$ $U$ $\{f^{n}\}_{n=0}^{\infty}$ ( ) $\}$
, $J_{f}=\hat{\mathbb{C}}\backslash F_{f}$
[B], [UTM] \mapsto , ,
$f$ $f$ ,
$K_{f}=$ { $z\in \mathbb{C}|\{f^{n}(z)\}_{n=0}^{\infty}$ }
, $J_{f}=\partial K_{f}$ $A(\infty)=\mathbb{C}\backslash K_{f}$ | $\infty$
Sullivan ([Sul], [MS]) , \mapsto ( ) $f$
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, $U$ $U’$ , $g:Uarrow U’$ proper $d$ 1
, $g:Uarrow U’$ $d$ $d=2$ 2
,
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. $\varphi$ : $\hat{\mathbb{C}}arrow\hat{\mathbb{C}}$ , $g=\varphi\circ f\circ\varphi^{-1}$ , $f$ $g$
$\varphi$ , ( ), , ,
, ,
$\varphi$ : C^\rightarrow , (1 ) ,
$f$ 2 , $c\in \mathbb{C}$ ,
$f$ $z^{2}+c$ ( ) $f(z)=z^{2}+c_{1},$ $g(z)=z^{2}+c_{2}$
, $f$ $g$ $c_{1}=c_{2}$ , $\{z^{2}+c\}$ 2
. $\Omega,$ $\Omega’$ $\mathbb{C}$ $h:\Omegaarrow\Omega’$ , $h$
, 1 L (\Omega ) , $0\leq k<1$
$| \frac{h_{\overline{z}}}{h_{z}}|\leq k$ (a$.\mathrm{e}.$ )
, $h_{z},$ $h_{\overline{z}}$ , $K=$ $kk$
$h$ $K$-
[A]
$f,$ $g$ 2 , ,
(Douady-Hubbard [D], [DH1]). $f.(z)=z^{2}+c$ ,
, $\varphi$ : $A(\infty)=\hat{\mathbb{C}}\backslash K_{f}arrow\hat{\mathbb{C}}\backslash \mathrm{D}$ ( , $\mathrm{D}=\{z\in \mathbb{C}$ : $|z|<1\}$)
, $f$ $z\mapsto z^{2}$ ( $i.e$ . $z\in A(\infty)$ $\varphi(f(z))=\varphi(z)^{2}$)
$\theta\in \mathbb{R}/\mathbb{Z}$ , $\{\varphi^{-1}(re^{2\pi 1\theta}.)|r>1\}$ $\theta$ utemal my, $\eta>1$ ,
$\{\varphi^{-1}(\eta e^{2\pi\dot{\iota}\theta})|\theta\in \mathbb{R}\}$ $J\triangleright\eta$ equipotential cune $\text{ }$ $\theta$
, $\theta$ extemal my $11K_{f}$
( 1 ) extemal ray
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external rays , ,
. $f(z)=z^{2}+c_{1},$ $g(z)=z^{2}+c_{2}$ ,
$f$ $g$ ,
(i) $\theta$ $\theta’$ $f$ external rays
, $g$ external rays , ,
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5 Thurston
( $[\mathrm{A}],[\mathrm{I}\mathrm{T}]$ )
. $S_{0}$ $(S, h)$ $S$ $h:S_{0}arrow S$
$(S’, h’)$ $(S, h)\approx(S’, h’)$ $h’\circ h^{-1}$ : $Sarrow S’$
$\mathcal{T}(S_{0})=$ { $(S,$ $h)|S$ $h$ : $S_{0}arrow S$ } $/\approx$
$d([S, \dot{h}], [S’, h’])=\inf\{\log K|$ $K-\mathrm{f}\mathrm{f}\mathrm{l}\text{ }(\mathrm{a}\mathrm{e}\mathrm{B}^{\grave{\grave{\mathrm{a}}}}\text{ }\dagger\pm^{-}(K\geq 1)h’\circ h-1\#-arrow \text{ }\triangleleft’y\text{ ^{}\mathrm{o}}\backslash \backslash y\text{ }\gamma_{J}\}$
$\mathcal{T}(S)$ $S$





(Thurston [DH3]). $f,$ $g$ (












( ). $d\geq 2$ ( )
2 2 $f_{\mathrm{c}}(z)=z^{2}+c$
$c\in \mathbb{C}$ MLC
. 2 $f_{c}(z)=z^{2}+c$ $z=0$
$M=$ { $c\in \mathbb{C}|J_{f_{\mathrm{c}}}$ } $=$ { $c\in \mathbb{C}|\{f_{c}^{n}(0)\}_{n=0}^{\infty}$ }
(MLC ). $M$
(Douady-Hubbard [DH1]). MLC 2
Douady-Hubbard
$\mathbb{C}$
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$f(z)$ $=z^{2}+c_{1},$ $g(z)=z^{2}+c_{2}$ $\text{ }$ $w=\varphi(z)$
$|dw|^{2}=|\varphi_{z}dz+\varphi_{\overline{z}}d\overline{z}|^{2}\sim|dz+\mu(z)d\overline{z}|^{2}$ ( $\mu(z)=\mu_{\overline{z}}\varphi_{z}$ )













( , ) Douady-Hubbard
7Suffivan
. $c\in \mathbb{R}$ 2 $f(x)=x^{2}+c$ $f$
$k\geq 2$ $x=0$ $I\subset \mathbb{R}$
$f^{k}(I)\subset I$ $I,$ $f(I),$ $\cdots,$ $f^{k-1}(I)$ $k$
$\text{ }.f^{k}|_{I}$ : $Iarrow I$
$k_{1}<k_{2}<\cdots<k_{n}<\ldots$
$\{k_{n}\}$ $f$ $k_{n+1}/k_{n}$
(Sulli $\mathrm{n}$ $[\mathrm{S}\mathrm{u}2]$ ). 2 (
)
2 $f,g$
$f,$ $g$ $h:\mathbb{R}arrow \mathbb{R}$ $.h$ $f$ ,
$g$ ( )
. $h:\mathbb{R}arrow \mathbb{R}$ $M\geq 1$
$\frac{1}{M}\leq\frac{h(x+t)-h(x)}{h(x)-h(x-t)}\leq M$











. 2 $f(z)=z^{2}+c$ $k\geq 2$ $z=0$
$U\subset U’$ $f^{k}$ $f^{k}|_{U}$ : $Uarrow U’$ 2
$K_{(f^{k}1_{U})}$




$J_{c}$ $M$ external rays ( uipotential cur s)
( Yoccoz puzzle )
( )
(Lyubich((a) )[Ly], [Shl]). $f(z)=z^{2}+c$
$(c\in M)$ (\otimes )
(a) $J_{f}$ 2 0
(b) $c\in M$ 2 0




(Lyubich, Graczyk-Swiatek). 2 $f(x)=x^{2}+c(c\in \mathbb{R})$
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(Lyubich, Graczyk-Swiatek ). 2 $f(x)=x^{2}+c_{1},$ $g(x)=x^{2}+c_{2}$
$(c_{1}, c_{2}\in \mathbb{R})$ $f$ $g$










(Levin-van Strien[LvS], [LY], [GS2], [Sa] ). 2 $f(x)=.x^{2}+c(c\in \mathbb{R})$
2 $\{f^{k_{n}}|_{U_{n}} : U_{n}arrow U_{n}’\}$
$U_{n}’\backslash U_{n}$
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( [Sh2]). 2 $f$ : $Uarrow U’$
$\{f^{k}|_{U_{1}} : U_{1}arrow U_{1}’\}$ $g:Varrow V’$ 2 $f$
$\varphi$ : $U’arrow V’$ $\varphi$ $U_{1}$ $f$ $g$
$\varphi\circ f(z)=g\circ\varphi(z)$ $(z\in U\backslash U_{1})$
$\varphi$
$K$ $f$ $g$ $U’\backslash U,$ $V’\backslash V$
$f$
$\{f^{k_{n}}|_{U_{n}} : U_{n}arrow U_{n}’\}$
$f$ $g$
Yoccoz puzzle Puzzle
$U^{f}$ ( $g$ $U^{g}$ ) Yoccoz puzzle





\mbox{\boldmath $\varphi$}0: $\partial U^{f}arrow\partial U^{g}$ $U^{f}(\simeq \mathrm{D})$
$\mathcal{T}(U^{f})=$ { $(U’,$ $\varphi)|U’$ is aJordan domain and $\varphi:U^{f}arrow U’$ is quasiconformal}/\approx ,
( $(U’, \varphi)\approx(U", \psi)$ $\psi\circ\varphi^{-1}$ : $U’arrow U”$
) $[(U^{g}, \varphi_{0})]$




$\sigma$ : $\mathcal{T}(U^{f})arrow \mathcal{T}(U^{f})$
$[(U^{g}, \varphi_{0})]$ $\sigma$
. $f$ $g$ $C>0$ $0<\lambda<1$
(i) $[(U^{g}, \varphi_{0})]$ $\sigma$ .
(ii) $d(\sigma(O), O)\leq C$ .
(iii) $d(\sigma(x), \sigma(y))\leq\lambda d(x, y)$ $(\forall x, y\in \mathcal{T}(U_{1}))$ .
$d([(U^{g}, \varphi_{0})], O)$
, (i) $\sigma$ (ii), (iii)
8 Yoccoz $\sigma$
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